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Lecture 7: Clustering



Clustering Methods

Generative models

There’s a whole zoo of clustering methods

Hierarchical clustering

1. Pretend data generated 
by specific model with 

parameters

2. Learn the parameters 
("fit model to data")

There are lots of types of clustering methods!

3. Use fitted model to determine 
cluster assignments

We mainly focus on this

Density-based clustering

Spectral clustering

…



We're going to start with 
perhaps the most famous of 

clustering methods

It won't yet be apparent what this method has 
to do with generative models



k-means
Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers

Step 1: Guess where cluster centers are

# of clusters Distance function: Euclidean



k-means
Step 1: Guess where cluster centers are

Distance function: Euclidean

Cluster centers are orange points 
(outline says whether it is the blue 

or red cluster)

# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Repeat 

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)
Repeat 

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Repeat 

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Repeat 

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Step 1: Guess where cluster centers are

Distance function: Euclidean# of clusters

Repeat 

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Repeat until convergence: 

Step 1: Guess where cluster centers are

Distance function: Euclidean

cluster centers & cluster assignments 
no longer change

# of clusters

Step 0: Guess k

We’ll guess k = 2

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers



k-means
Final output: cluster centers, cluster assignment for every point

Remark: Very sensitive to 
choice of k and initial cluster 

centers

Suggested way to pick initial cluster centers: “k-means++” method

How to guess k?

We’ll discuss this 
in more detail next 

lecture

(rough intuition: incrementally add centers; favor adding center far away 
from centers chosen so far)



When does k-means work well?

k-means is related to a generative model, which will help us 
understand when k-means is expected to work well



Example: Generative Model

Think of flipping a coin

Each outcome doesn't depend on any of the previous outcomes

each outcome: heads or tails



Example: Generative Model

Think of flipping a coin

each outcome: 2D point

Each outcome doesn't depend on any of the previous outcomes

pressing a button



Gaussian Mixture Model (GMM)

Each point sampled independently from same distribution 
(but what is this distribution?)



Example: GMM for 2D Data
Every point sampled independently from probability distribution below:

Image source: https://www.intechopen.com/source/html/17742/media/image25.png

Example of a 2D probability distribution

how probable 
point generated 

at (x, y) is

y

x

Red = more likely

Blue = less likely

This is the sum of two 2D 
Gaussian distributions!



Quick Reminder: 1D Gaussian

Image source: https://matthew-brett.github.io/teaching//smoothing_intro-3.hires.png

This is a 1D Gaussian distribution



2D Gaussian

Image source: https://i.stack.imgur.com/OIWce.png

This is a 2D Gaussian distribution



Example: GMM for 2D Data
Every point sampled independently from probability distribution below:

Image source: https://www.intechopen.com/source/html/17742/media/image25.png

Example of a 2D probability distribution

how probable 
point generated 

at (x, y) is

y

x

Red = more likely

Blue = less likely

This is the sum of two 2D 
Gaussian distributions!

2D Gaussian distribution

2D Gaussian distribution

Key idea: Each Gaussian 
corresponds to a different cluster



GMM: The General Case

A GMM is the sum of k different d-dimensional Gaussian distributions so 
that the overall probability distribution looks like k mountains

• Each mountain corresponds to a different cluster

• Different mountains can have different peak heights

• One missing thing we haven't discussed yet: 
different mountains can have different shapes

(We've been looking at d = 2)



2D Gaussian Shape
In 1D, you can have a skinny Gaussian or a wide Gaussian

In 2D, you can more generally have ellipse-shaped Gaussians

Less uncertainty More uncertainty

Image source: https://www.cs.colorado.edu/~mozer/Teaching/syllabi/ProbabilisticModels2013/
homework/assign5/a52dgauss.jpg

Top-down view of an example 2D Gaussian distribution

Ellipse enables encoding 
relationship between 

variables

Can't have arbitrary 
shapes



GMM: The General Case

• Different mountains can have different ellipse shapes 
(captures correlation/“covariance” information)

A GMM is the sum of k different d-dimensional Gaussian distributions so 
that the overall probability distribution looks like k mountains

• Each mountain corresponds to a different cluster

• Different mountains can have different peak heights

(We've been looking at d = 2)



Example: 1D GMM with 2 Clusters

What do you think this looks like?

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.5

Probability of generating a 
point from cluster 2 = 0.5

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1



Example: 1D GMM with 2 Clusters

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.5

Probability of generating a 
point from cluster 2 = 0.5

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1



Example: 1D GMM with 2 Clusters

What do you think this looks like?

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.7

Probability of generating a 
point from cluster 2 = 0.3

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1



Example: 1D GMM with 2 Clusters

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.7

Probability of generating a 
point from cluster 2 = 0.3

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1



Example: 1D GMM with 2 Clusters

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.7

Probability of generating a 
point from cluster 2 = 0.3

How to generate 1D points from this GMM:

1. Flip biased coin (side 1 has probability 0.7, side 2 has probability 0.3)

2. If Z = 1: sample 1 point from Gaussian mean −5, variance 1

    If Z = 2: sample 1 point from Gaussian mean 5, variance 1

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1

    Let Z be the side that we got (it is either 1 or 2)



Example: 1D GMM with 2 Clusters

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 = 0.7

Probability of generating a 
point from cluster 2 = 0.3

How to generate 1D points from this GMM:

1. Flip biased coin (side 1 has probability 0.7, side 2 has probability 0.3)

2. Sample 1 point from the Gaussian from cluster Z

Gaussian mean = −5

Gaussian variance = 1

Gaussian mean = 5

Gaussian variance = 1

    Let Z be the side that we got (it is either 1 or 2)



Example: 1D GMM with 2 Clusters

Cluster 1 Cluster 2

Probability of generating a 
point from cluster 1 =

Probability of generating a 
point from cluster 2 =

How to generate 1D points from this GMM:

1. Flip biased coin (side 1 has probability , side 2 has probability )

Gaussian mean =

Gaussian variance =

Gaussian mean =

Gaussian variance =

    Let Z be the side that we got (it is either 1 or 2)
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2. Sample 1 point from the Gaussian from cluster Z



Example: 1D GMM with k Clusters

How to generate 1D points from this GMM:

1. Flip biased coin (side 1 has probability , …, side k has probability      )

    Let Z be the side that we got (it is some value 1, …, k)
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2. Sample 1 point from the Gaussian from cluster Z

Cluster 1

Probability of generating a 
point from cluster 1 =

Gaussian mean =

Gaussian variance =
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Cluster k

Probability of generating a 
point from cluster k =

Gaussian mean =

Gaussian variance =

…
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<latexit sha1_base64="lr6A+YKivcAe1P2OeHAwbZNwhJA=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEVwTSJYwO5lNhszMLvMQwpJv8OJBEa9+kDf/xkmyB00saCiquunuijPOtPH9b6+0srq2vlHerGxt7+zuVfcPHnVqFaEhSXmq2jHWlDNJQ8MMp+1MUSxiTlvx6Hbqt56o0iyVD2ac0UjggWQJI9g4KewK2xv1qjW/7s+AlklQkBoUaPaqX91+Sqyg0hCOte4EfmaiHCvDCKeTStdqmmEywgPacVRiQXWUz46doBOn9FGSKlfSoJn6eyLHQuuxiF2nwGaoF72p+J/XsSa5jnImM2uoJPNFieXIpGj6OeozRYnhY0cwUczdisgQK0yMy6fiQggWX14mj2f14LJ+cX9ea9wUcZThCI7hFAK4ggbcQRNCIMDgGV7hzZPei/fufcxbS14xcwh/4H3+AN20jrg=</latexit>µk
<latexit sha1_base64="smIGJuBkqux7qKMLoe0mdQ8cbsM=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGXwcPAS8eI5gHJmuYncwmQ2Zml5lZISz5Cy8eFPHq33jzb5xs9qCJBQ1FVTfdXUHMmTau++0UVlbX1jeKm6Wt7Z3dvfL+QUtHiSK0SSIeqU6ANeVM0qZhhtNOrCgWAaftYHwz89tPVGkWyXsziakv8FCykBFsrPTQ02wocH/8WOuXK27VzYCWiZeTCuRo9MtfvUFEEkGlIRxr3fXc2PgpVoYRTqelXqJpjMkYD2nXUokF1X6aXTxFJ1YZoDBStqRBmfp7IsVC64kIbKfAZqQXvZn4n9dNTHjlp0zGiaGSzBeFCUcmQrP30YApSgyfWIKJYvZWREZYYWJsSCUbgrf48jJp1areRfX87qxSv87jKMIRHMMpeHAJdbiFBjSBgIRneIU3RzsvzrvzMW8tOPnMIfyB8/kDSi+QqQ==</latexit>

�2
k

<latexit sha1_base64="GLC7rqlXSHA+ouiTlUvBg+76VJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDv1W0+oNE/kgxmnGMR0IHnEGTVW8rsp74161Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks2Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noOsi5TDODks0XRZkgJiHTz0mfK2RGjC2hTHF7K2FDqigzNp+KDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB03wgQGHZ3iFN0c6L8678zFvLTnFzCH8gfP5A9ABjq8=</latexit>⇡k



Example: 2D GMM with k Clusters

How to generate 2D points from this GMM:

    Let Z be the side that we got (it is some value 1, …, k)

2. Sample 1 point from the Gaussian from cluster Z

Cluster 1

Probability of generating a 
point from cluster 1 =

Gaussian mean =

Gaussian covariance =

<latexit sha1_base64="OYHfUvrspy+1cUGFRJStIe+0jvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpt26WYTdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo9up33ri2ohEPeA45UFMB0pEglG0kt9NRc/rVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPjt2Qk6s0idRom0pJDP190ROY2PGcWg7Y4pDs+hNxf+8TobRdZALlWbIFZsvijJJMCHTz0lfaM5Qji2hTAt7K2FDqilDm0/FhuAtvrxMHs/q3mX94v681rgp4ijDERzDKXhwBQ24gyb4wEDAM7zCm6OcF+fd+Zi3lpxi5hD+wPn8AXgZjnU=</latexit>⇡1

<latexit sha1_base64="26DMgjlC+7hhRQhJyT6tfAgYli8=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEVwTSJYwO5lNhszMLvMQwpJv8OJBEa9+kDf/xkmyB00saCiquunuijPOtPH9b6+0srq2vlHerGxt7+zuVfcPHnVqFaEhSXmq2jHWlDNJQ8MMp+1MUSxiTlvx6Hbqt56o0iyVD2ac0UjggWQJI9g4KewK2wt61Zpf92dAyyQoSA0KNHvVr24/JVZQaQjHWncCPzNRjpVhhNNJpWs1zTAZ4QHtOCqxoDrKZ8dO0IlT+ihJlStp0Ez9PZFjofVYxK5TYDPUi95U/M/rWJNcRzmTmTVUkvmixHJkUjT9HPWZosTwsSOYKOZuRWSIFSbG5VNxIQSLLy+Tx7N6cFm/uD+vNW6KOMpwBMdwCgFcQQPuoAkhEGDwDK/w5knvxXv3PuatJa+YOYQ/8D5/AIXMjn4=</latexit>µ1

Cluster k

Probability of generating a 
point from cluster k =

Gaussian mean =

Gaussian covariance =

…
<latexit sha1_base64="GLC7rqlXSHA+ouiTlUvBg+76VJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDv1W0+oNE/kgxmnGMR0IHnEGTVW8rsp74161Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks2Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noOsi5TDODks0XRZkgJiHTz0mfK2RGjC2hTHF7K2FDqigzNp+KDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB03wgQGHZ3iFN0c6L8678zFvLTnFzCH8gfP5A9ABjq8=</latexit>⇡k

<latexit sha1_base64="lr6A+YKivcAe1P2OeHAwbZNwhJA=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEVwTSJYwO5lNhszMLvMQwpJv8OJBEa9+kDf/xkmyB00saCiquunuijPOtPH9b6+0srq2vlHerGxt7+zuVfcPHnVqFaEhSXmq2jHWlDNJQ8MMp+1MUSxiTlvx6Hbqt56o0iyVD2ac0UjggWQJI9g4KewK2xv1qjW/7s+AlklQkBoUaPaqX91+Sqyg0hCOte4EfmaiHCvDCKeTStdqmmEywgPacVRiQXWUz46doBOn9FGSKlfSoJn6eyLHQuuxiF2nwGaoF72p+J/XsSa5jnImM2uoJPNFieXIpGj6OeozRYnhY0cwUczdisgQK0yMy6fiQggWX14mj2f14LJ+cX9ea9wUcZThCI7hFAK4ggbcQRNCIMDgGV7hzZPei/fufcxbS14xcwh/4H3+AN20jrg=</latexit>µk

1. Flip biased coin (side 1 has probability , …, side k has probability      )<latexit sha1_base64="OYHfUvrspy+1cUGFRJStIe+0jvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpt26WYTdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo9up33ri2ohEPeA45UFMB0pEglG0kt9NRc/rVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPjt2Qk6s0idRom0pJDP190ROY2PGcWg7Y4pDs+hNxf+8TobRdZALlWbIFZsvijJJMCHTz0lfaM5Qji2hTAt7K2FDqilDm0/FhuAtvrxMHs/q3mX94v681rgp4ijDERzDKXhwBQ24gyb4wEDAM7zCm6OcF+fd+Zi3lpxi5hD+wPn8AXgZjnU=</latexit>⇡1
<latexit sha1_base64="GLC7rqlXSHA+ouiTlUvBg+76VJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDv1W0+oNE/kgxmnGMR0IHnEGTVW8rsp74161Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks2Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noOsi5TDODks0XRZkgJiHTz0mfK2RGjC2hTHF7K2FDqigzNp+KDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB03wgQGHZ3iFN0c6L8678zFvLTnFzCH8gfP5A9ABjq8=</latexit>⇡k

<latexit sha1_base64="GTgY2sgX8xAppHs6glc4d9WB6TI=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcDh4CXjxGNAskQ+jp9CRNehm7e4Qw5Ce8eFDEq7/jzb+xk8xBEx8UPN6roqpelHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukVuee9QXuBt1S2a/4U6BFEuSkDDlq3dJXp6dIKqi0hGNj2oGf2DDD2jLC6bjYSQ1NMBniPm07KrGgJsym947RsVN6KFbalbRoqv6eyLAwZiQi1ymwHZh5byL+57VTG1+FGZNJaqkks0VxypFVaPI86jFNieUjRzDRzN2KyABrTKyLqOhCCOZfXiSN00pwUTm/OytXr/M4CnAIR3ACAVxCFW6hBnUgwOEZXuHNe/RevHfvY9a65OUzB/AH3ucPlfePqw==</latexit>

⌃1
<latexit sha1_base64="96G9kOzhAPmf4r2N89hFLJITgns=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WrgouHFZ0T6gHUomzbShSWZMMkIZ+hNuXCji1t9x59+YtrPQ1gMXDufcy733hIngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4c3Ebz4xbXisHuwoYYEkfcUjTol1Uqtzz/uSdIfdUtmreFPgReLnpAw5at3SV6cX01QyZakgxrR9L7FBRrTlVLBxsZMalhA6JH3WdlQRyUyQTe8d42On9HAUa1fK4qn6eyIj0piRDF2nJHZg5r2J+J/XTm10FWRcJallis4WRanANsaT53GPa0atGDlCqObuVkwHRBNqXURFF4I///IiaZxW/IvK+d1ZuXqdx1GAQziCE/DhEqpwCzWoAwUBz/AKb+gRvaB39DFrXUL5zAH8Afr8Ae3fj+U=</latexit>

⌃k

2-dim.

2-by-2 matrices



Example: GMM with k Clusters

How to generate points from this GMM:

    Let Z be the side that we got (it is some value 1, …, k)

2. Sample 1 point from the Gaussian from cluster Z

Cluster 1

Probability of generating a 
point from cluster 1 =

Gaussian mean =

Gaussian covariance =

<latexit sha1_base64="OYHfUvrspy+1cUGFRJStIe+0jvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpt26WYTdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo9up33ri2ohEPeA45UFMB0pEglG0kt9NRc/rVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPjt2Qk6s0idRom0pJDP190ROY2PGcWg7Y4pDs+hNxf+8TobRdZALlWbIFZsvijJJMCHTz0lfaM5Qji2hTAt7K2FDqilDm0/FhuAtvrxMHs/q3mX94v681rgp4ijDERzDKXhwBQ24gyb4wEDAM7zCm6OcF+fd+Zi3lpxi5hD+wPn8AXgZjnU=</latexit>⇡1

<latexit sha1_base64="26DMgjlC+7hhRQhJyT6tfAgYli8=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEVwTSJYwO5lNhszMLvMQwpJv8OJBEa9+kDf/xkmyB00saCiquunuijPOtPH9b6+0srq2vlHerGxt7+zuVfcPHnVqFaEhSXmq2jHWlDNJQ8MMp+1MUSxiTlvx6Hbqt56o0iyVD2ac0UjggWQJI9g4KewK2wt61Zpf92dAyyQoSA0KNHvVr24/JVZQaQjHWncCPzNRjpVhhNNJpWs1zTAZ4QHtOCqxoDrKZ8dO0IlT+ihJlStp0Ez9PZFjofVYxK5TYDPUi95U/M/rWJNcRzmTmTVUkvmixHJkUjT9HPWZosTwsSOYKOZuRWSIFSbG5VNxIQSLLy+Tx7N6cFm/uD+vNW6KOMpwBMdwCgFcQQPuoAkhEGDwDK/w5knvxXv3PuatJa+YOYQ/8D5/AIXMjn4=</latexit>µ1

Cluster k

Probability of generating a 
point from cluster k =

Gaussian mean =

Gaussian covariance =

…
<latexit sha1_base64="GLC7rqlXSHA+ouiTlUvBg+76VJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDv1W0+oNE/kgxmnGMR0IHnEGTVW8rsp74161Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks2Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noOsi5TDODks0XRZkgJiHTz0mfK2RGjC2hTHF7K2FDqigzNp+KDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB03wgQGHZ3iFN0c6L8678zFvLTnFzCH8gfP5A9ABjq8=</latexit>⇡k

<latexit sha1_base64="lr6A+YKivcAe1P2OeHAwbZNwhJA=">AAAB7HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr4OHgBePEVwTSJYwO5lNhszMLvMQwpJv8OJBEa9+kDf/xkmyB00saCiquunuijPOtPH9b6+0srq2vlHerGxt7+zuVfcPHnVqFaEhSXmq2jHWlDNJQ8MMp+1MUSxiTlvx6Hbqt56o0iyVD2ac0UjggWQJI9g4KewK2xv1qjW/7s+AlklQkBoUaPaqX91+Sqyg0hCOte4EfmaiHCvDCKeTStdqmmEywgPacVRiQXWUz46doBOn9FGSKlfSoJn6eyLHQuuxiF2nwGaoF72p+J/XsSa5jnImM2uoJPNFieXIpGj6OeozRYnhY0cwUczdisgQK0yMy6fiQggWX14mj2f14LJ+cX9ea9wUcZThCI7hFAK4ggbcQRNCIMDgGV7hzZPei/fufcxbS14xcwh/4H3+AN20jrg=</latexit>µk

1. Flip biased coin (side 1 has probability , …, side k has probability      )<latexit sha1_base64="OYHfUvrspy+1cUGFRJStIe+0jvU=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpt26WYTdidCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXphKYdB1v53Syura+kZ5s7K1vbO7V90/eDRJphn3WSIT3Q6p4VIo7qNAydup5jQOJW+Fo9up33ri2ohEPeA45UFMB0pEglG0kt9NRc/rVWtu3Z2BLBOvIDUo0OxVv7r9hGUxV8gkNabjuSkGOdUomOSTSjczPKVsRAe8Y6miMTdBPjt2Qk6s0idRom0pJDP190ROY2PGcWg7Y4pDs+hNxf+8TobRdZALlWbIFZsvijJJMCHTz0lfaM5Qji2hTAt7K2FDqilDm0/FhuAtvrxMHs/q3mX94v681rgp4ijDERzDKXhwBQ24gyb4wEDAM7zCm6OcF+fd+Zi3lpxi5hD+wPn8AXgZjnU=</latexit>⇡1
<latexit sha1_base64="GLC7rqlXSHA+ouiTlUvBg+76VJk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr4OHghePFYwttKFstpN26WYTdjdCCf0NXjwo4tUf5M1/47bNQVsfDDzem2FmXpgKro3rfjulldW19Y3yZmVre2d3r7p/8KiTTDH0WSIS1Q6pRsEl+oYbge1UIY1Dga1wdDv1W0+oNE/kgxmnGMR0IHnEGTVW8rsp74161Zpbd2cgy8QrSA0KNHvVr24/YVmM0jBBte54bmqCnCrDmcBJpZtpTCkb0QF2LJU0Rh3ks2Mn5MQqfRIlypY0ZKb+nshprPU4Dm1nTM1QL3pT8T+vk5noOsi5TDODks0XRZkgJiHTz0mfK2RGjC2hTHF7K2FDqigzNp+KDcFbfHmZPJ7Vvcv6xf15rXFTxFGGIziGU/DgChpwB03wgQGHZ3iFN0c6L8678zFvLTnFzCH8gfP5A9ABjq8=</latexit>⇡k

<latexit sha1_base64="GTgY2sgX8xAppHs6glc4d9WB6TI=">AAAB73icbVDJSgNBEK1xjXGLevTSGARPYUbcDh4CXjxGNAskQ+jp9CRNehm7e4Qw5Ce8eFDEq7/jzb+xk8xBEx8UPN6roqpelHBmrO9/e0vLK6tr64WN4ubW9s5uaW+/YVSqCa0TxZVuRdhQziStW2Y5bSWaYhFx2oyGNxO/+US1YUo+2FFCQ4H7ksWMYOukVuee9QXuBt1S2a/4U6BFEuSkDDlq3dJXp6dIKqi0hGNj2oGf2DDD2jLC6bjYSQ1NMBniPm07KrGgJsym947RsVN6KFbalbRoqv6eyLAwZiQi1ymwHZh5byL+57VTG1+FGZNJaqkks0VxypFVaPI86jFNieUjRzDRzN2KyABrTKyLqOhCCOZfXiSN00pwUTm/OytXr/M4CnAIR3ACAVxCFW6hBnUgwOEZXuHNe/RevHfvY9a65OUzB/AH3ucPlfePqw==</latexit>

⌃1
<latexit sha1_base64="96G9kOzhAPmf4r2N89hFLJITgns=">AAAB73icbVDLSgMxFL3xWeur6tJNsAiuyoz4WrgouHFZ0T6gHUomzbShSWZMMkIZ+hNuXCji1t9x59+YtrPQ1gMXDufcy733hIngxnreN1paXlldWy9sFDe3tnd2S3v7DROnmrI6jUWsWyExTHDF6pZbwVqJZkSGgjXD4c3Ebz4xbXisHuwoYYEkfcUjTol1Uqtzz/uSdIfdUtmreFPgReLnpAw5at3SV6cX01QyZakgxrR9L7FBRrTlVLBxsZMalhA6JH3WdlQRyUyQTe8d42On9HAUa1fK4qn6eyIj0piRDF2nJHZg5r2J+J/XTm10FWRcJallis4WRanANsaT53GPa0atGDlCqObuVkwHRBNqXURFF4I///IiaZxW/IvK+d1ZuXqdx1GAQziCE/DhEqpwCzWoAwUBz/AKb+gRvaB39DFrXUL5zAH8Afr8Ae3fj+U=</latexit>

⌃k

d-dim.

d-by-d matrices



High-Level Idea of GMM
• Generative model that gives a hypothesized way in which data points 

are generated

In reality, data are unlikely generated the same way!

In reality, data points might not even be independent!



–George Box

“All models are wrong, but some are useful.” 

Photo: “George E.P. Box, Professor Emeritus of Statistics, University of Wisconsin-
Madison” by DavidMCEddy is licensed under CC BY-SA 3.0



High-Level Idea of GMM
• Generative model that gives a hypothesized way in which data points 

are generated

In reality, data are unlikely generated the same way!

In reality, data points might not even be independent!

• Learning ("fitting") the parameters of a GMM

• Input: d-dimensional data points, your guess for k

• After learning a GMM:

• For any d-dimensional data point, can figure out probability of it 
belonging to each of the clusters

How do you turn this into a cluster assignment?

• Output:
<latexit sha1_base64="Ljm5hdv2Ah+sLVn69wQvvA0+7X0=">AAACJHicbZBNS8MwGMdTX+d8q3r0UhyChzFa8Q30MPDicaJ7gbWUNEu30CQtSSqMsg/jxa/ixYMvePDiZzHdCtPNBwK//J+X5PkHCSVS2faXsbC4tLyyWlorr29sbm2bO7stGacC4SaKaSw6AZSYEo6biiiKO4nAkAUUt4PoOs+3H7CQJOb3aphgj8E+JyFBUGnJNy/dhPhO1e3FSlZzjqouS6eKZq3ckT6DU3FyjXyzYtfscVjz4BRQAUU0fPNdD0Apw1whCqXsOnaivAwKRRDFo7KbSpxAFME+7mrkkGHpZeMlR9ahVnpWGAt9uLLG6u+ODDIphyzQlQyqgZzN5eJ/uW6qwgsvIzxJFeZo8lCYUkvFVu6Y1SMCI0WHGiASRP/VQgMoIFLa17I2wZldeR5axzXnrHZ6e1KpXxV2lMA+OABHwAHnoA5uQAM0AQKP4Bm8gjfjyXgxPozPSemCUfTsgT9hfP8Al+akLQ==</latexit>

⇡1, . . . ,⇡k, µ1, . . . , µk,⌃1, . . . ,⌃k



k-means
Step 0: Guess k

We’ll guess k = 2

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Repeat until convergence: 

Step 1: Guess where cluster centers are

Example: choose k points 
uniformly at random 

(without replacement) to 
be initial guesses for 

cluster centers

Distance function: Euclidean

cluster centers & cluster assignments 
no longer change

# of clusters



k-means

Step 2: Assign each point to belong to the closest cluster

Step 3: Update cluster means (to be the center of mass per cluster)

Repeat until convergence: 

Step 0: Guess k

Step 1: Guess where cluster centers are



(Rough Intuition) Learning a GMM

Step 2: Compute probability of each point being in each of the k clusters

Step 3: Update cluster probabilities, means, and covariances accounting 
for probabilities of each point belonging to each of the clusters

Repeat until convergence: 

Step 0: Guess k

Step 1: Guess cluster probabilities, means, and covariances

This algorithm is called the Expectation-Maximization (EM) algorithm 
for GMMs (and approximately does maximum likelihood)

(Note: EM by itself is a general algorithm not just for GMMs)

(often done using k-means)



Clustering

Demo


